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Giraniéna w*ije,clv\oswL fvmkcije

Neka je data realna funkcijaf :R—> R;

pojam granicne vrijednosﬁ funkcije

Za neku funkciju y=f(x) kazemo da ima graniénu vrijednost A u
tacki a ako je

f(x)—A <& ..
:x—a|<é|‘(g) | pisemo: ]imf(x)=A

Nreka su f(x)i g(x) i ]imf(x)=A i ]img(x)=B tada vazi:

X—>a X—>a

lim (f (*)£ g(x)) = lim /() lim g(x)= 4+ B
lim (£ (x)- g(x))=1im f(x)- lim g(x)=4-B
lim(c- f(x)=c lim f(x)=c4
im{26])- tims6) 4
w>a\&(x)) lime(x) B

xX—a
k
. k . k
lim (a,) =(llmanJ =a" k#towo
n—>+00 n—>+00
lim%a, =lima, =%a k#+w

n—+oo n—+oo

lim 4
lim & = k™= =k k# o

n—+oo

sin x a* -1

1
lim(+x)x =e lim

=1 lim =Ina
x—0 x—0 X x—0
ZADACT
1.Nadi:
. Jx
Iim ————
x4 x+4/x
Rjeéenje
Jx
lim L: lim L: lim 1 = lim 1 =
e x e e T x+dx+Vx 0 T [xedx+dx T 14 x++/x
Jx X X
lim —— —jim——L1— _ im L =1
X—>+00 x+\/; X—>+00 1 \/; X—>+0 1 1
1+ 5 1+, —+— 1+, —+.—
X X X X



2. Nadi:
x? —(a + 1)x+a

lim
X—a x3—a3
Rjeéenje
limx2—(a+1)x+a lim xX’—ax-x+a _ lim x(x a) (x a) _
x—a x3-a x—a x a)(x +ax+a2) x—a x a)(x +ax+a )
x-1 a 1
lim 3 5
x>a x* +ax+a® 3a
3. Nadi:
lim%/?-l
x—)l‘{/;_l
Rjeéenje_

li =lim
i1 1 x -1 U Vx4t Yx+l Vx+l i x—1 Yx? +¥x 41
( x+1XJ_+1)_4

lim —
=132 Y1 3

Yx -1 Yx - 1\/_+\/_+1 x+1 Jx+1 lim X" 1(x+1Xx/_+1)

4, Nadi:
\/x —2x+6-x2+2x—-6
x—>3 x*—4x+3
Rjeéenje
\/x ~2x46-Vx% +2x-6 _
x—>3 x?—4x+3
VX —2x46-Vx242x—6 Vx'—2x+6+x2+2x—6
li . —
=3 (x=3)(x-1) Vx?—2x+6+Vx2 +2x—6
lim —4x+12 \ = lim -4 L
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-4 1

23+3) _3
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. 1-2cosx

lim ——

T m—=3x

3
Rjeéenje
1 V.4
 1—2cosx (0] . Z(Z—cosxj . 2(c0s3—c0sx)
Iim—— =] — |[=lim ———— % = lim =
™ m—3x 0) .,7 nm-3x o 7—3x
3 3 3
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6. Nadi
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lim
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8. Nadi
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225, fim> 2t o & 3D w2 1
w0 X7+ X o (2xP+x)/ X0 xow ) 1 2
+7
x
3 +7
4 .2 4 .2 4 -+
6. lim3x4 5x3 +7x=%=i (3x4 5x3 +7x)/4x _ XX _3
e A A x> (x —-X +5)/x XH°°1 1 5
X X
> 1.3
. 5x"—x+3 5 =x+3) /X L 2 ¢ 0
227, lim———=2= . T = =—=0.
e 3x° +2x—4 =0 (3x” +2x—-4)/x o g 2 4 3
+—2—?
x
6 2+1
4 A 3,2 4 A~ 3,2 -——+—
208, hmwzgzl- (6x : 2x2+x )/f i x x> 6
xoo Dy 4 x° =3 X% (2x +Xx —3)/x x”wz i_i 0
x x X
1 2
2 2 -
229, fim ¥ =2 s _p O 720/ N >y
e x4+ e (x+1)/x x>0 1+l
x

1
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230, fimXEVE X e GENY —X) X x _I+l_

X0 2% +3 © xS (2x + 3)/x X—0 3 2

2+~
X
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2 INVIRYE 3
233, lim Y 2 (X -2(x) _ ¥ eax

=2 =x = (—x)|=lim
e x+1 x> —x+1 oo —x+1

2
[~ ,/1+—
_ hmwzhm—x:_L

X—>0 (_x+l)/x X—>0 _1+l
X

x—+x?+3x B

234, lim == 2% — = oy 5 (—x) |=lim

(=) —\(=0)" +3(-x) _

oo 2x+1 2(—x)+1
—1- 1_3
. —x—x"=3x . [x—~x*=3x]/x .. x —1-1
=lim——  =lim =lim = =1.
oo =2x+1 o [2x+1]/x x> _2+l -2

X

> ZADACI ZA VIJEZBU

32
235, lim 2~ *L
o xT +2x° -4

2
236, lim XX —*X+10.

3 2
oo x4 x7 =1

o 2x—1++/x*—x
237. lim .
oo 3x4xt+7

2
238, ljm X IEVX X

o 3x+\/x2 +7

3 3_ _
739, lim\/x 2x +4x-1

o aJdx? +3x +x

3 3_ _
240, lim VX Z2X+4x—1

oo Xt +3x +x

2 3.3 2
241, lim4 \/x 5x+l+\/x +x 7.

o 3x+4++/x*=2x+5




2 _ 3.3 2
24 lim4\/x 5x+1+\/x +Xx 7'

e 3x+4+Vx"—2x+5

» RJESENJA

3 >

R235. 2. R236. 0. R237. R R238. % R239. R240. -5.
R241. é R242. —i.
4 2

> 4.2 NEODREDENI OBLIK »-x

U ovoj tocki ¢emo racunati limese funkcija kod kojih se nakon uvrStavanja x = pojavljuje
neodredeni oblik w©-c. U tom slucaju je potrebno danu funkciju transformirati raznim
“trikovima” (racionaliziranje, faktoriziranje, itd.) na oblik %, te nastaviti u smislu prelaza sa

beskonacno velikih na konac¢ne i proizvoljno male veli¢ine (dijeljenje brojnika i nazivnika sa
najvecom potencijom), §to je objasnjeno u prethodnom poglavlju.
> RIESENI PRIMJERI

U slijede¢im zadacima izracunati limese funkcija.

243, hm(\/_—\/_)—hm(\/——\/_)\/\/gi\/\/: fim ;F

=lim—————=0.

oo Jx +4x=3

244, lim(r—x’ —3x+4) = lim(x — m):ﬁm
X+ —3x+4

4

2 2 37
—lim X —x"+3x- 4_;_1 (Bx-4)/x _hm—x=§.
H°°x+\/x —3x+4 o x+\/x -3x+4]/x Hml 1_§+i 2

2
X X



\/x2—4+\/x2—2x+5 B

245. lim(v/x> —4 —+/x? —2x+5)—11m(\/x —4—Jx*—2x+5)

¥ \/x2—4+\/x2—2x+5 B
. x'—4-x"+2x-5 2x-9)/x
=lim =2=Ilim =
x"‘”\/x 4+\/x2—2x+5 ‘_"”[\/x —4+\/x —2x+5]/x
9
-7
x 2

246. lim 1 Vx-S FNxta
' Hw\F(J— Jx+4) wa(\/x 3 Vrid)Jx3+Vxtd
Nx=3++x+4 1., Vx=-3++x+4

= lim =——lim =2

H“’\/_(x 3—x—4) 7 xoe Jx "
[Vx—=3++x+4 /\/; 1. 3

:——1 =——lim[,/1-—+ 1+i]:—2.
X 7

7 X—>0 \/_ / \/— 7 X—>0 X

247, lim (x+vVx>—=x+2)= |x > (-x)] =_1in} [(—x)+\/(—x)2—(—x)+2] =

x—>—0

=lim[—x++Vx” +x+ ]—hm[ —x+Vxt+x+2 ]xjL x +x+2
S X+ +x+2

lim —x7 +x +x+2 lim (x+2)/x B
0y xTFx+2 e Ix 4l + x4 ]/x
2

1+—
x 1 1

=lim = =—.
x—00 1 2 1+1 2
I+, 1+—+—
X X

> ZADACI ZA VIJEZBU

248. lim (x++/x* =3x+1).

x—>—0

249. lim(\/x*> =3x+1-x).

250. lirn(\/x2 +x+1 —\/x2 +5x).

X—>0



251. lim(x—3/x’ +2x* —1).

X—>0

252. lim({‘/x4 +x =2 —{‘/x4 — x> +3x).

X—>0

» RJESENJA

3 3 2 1

R248. R249. 7 R250. -2. R251. - R252. r

> 4.3 NEODREDENI OBLIK 1~

U ovoj tocki ra¢unamo limese funkcija oblika y= f(x)** kod kojih nakon uvritavanja

x=o dobivamo oblik 1. Osim svojstava limesa, nabrojanih na pocetku ovog poglavlja,
koristit ¢emo vazan identitet:

lim(1+ )" =e.

X—>0 x

Nadalje, treba primijeniti odredene «trikove» pomocéu kojih se dani oblik y= f(x)*™

transformira na eksponencijalni oblik e, pa potom u eksponentu primijeniti rjeSavanje
oblika % s pocetka ovog poglavlja.

> RIESENI PRIMJERI

U slijede¢im zadacima izraCunati limese funkcija.

X x X ‘—:1'3
253. lim[x+3j :1°°=11m(1+3j :lim[l+lJ :lim[1+ J = ¢
X—>0 X X—>0 X X—>0 % X—>0

254, lim[x+aj =1°°=11m(1+3] :lim(l+lj =1im(1+1J -
X—>0 X X—>00 X X—>0 i X—0 i
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255.

256.

257.

258.

259.

. x YL 1 1 1
lim =1" =lim —= —=—
ol x4+ 4 H“’(x+4j ) (x+4) e
lim
x X—>0 x
lim( j =1” =lim ! —= ! X:La
o\ x+q H“’(;ﬁaj . (x+a) e
lim
x X—>0 x
P45 5\ 1Y
li ( 3 J :lw:hm(l'i'—zj =lim 1+—2 =
X—>0 X X—>0 X X—>00 X?
lim x_—3 =1" =lim| 1+ _3—1 =1lim 1+_—4
x>0\ x4 X—>0 X+1 X—0 X+1
. 1 G lim =4 .
=lim| 1+ — =" =e .
X—>0 Xj

lim[x "j —1"
X—>00 x_b
b
=lim(l+ } j
X—»00 2?

» ZADACI ZA VJEZBU

260.

261.

262.

263.

Jx+2
Jx-1

lim

X—>0

=i
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